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Abstract
By means of the difference equation on the modified Jacobi theta function, we review the proof of
Winquist’s identity due to Kang [S.Y. Kang, A new proof Winquist’s identity, J. Combin. Theory (Series
A) 78 (1997) 313–318]. Four related expansion formulae are examined and clarified equivalently in
pairs. The recent double series representation for (q; q)10∞ due to Chan [S.H. Chan, Generalized lambert
series identities, Proc. London Math. Soc. 91 (3) (2005) 598–622] is exemplified to prove the Ramanujan
congruence modulo 11 on the partition function.
c© 2007 Elsevier Ltd. All rights reserved.
For two indeterminate q and z with |q| < 1, the q-shifted factorial of infinite order and the
modified Jacobi theta function are defined respectively by
(z; q)∞ =
∞∏
n=0
(1− zqn) and 〈z; q〉∞ = (z; q)∞(q/z; q)∞.
Their product forms are abbreviated respectively as
[α, β, . . . , γ ; q]∞ = (α; q)∞(β; q)∞ · · · (γ ; q)∞,
〈α, β, . . . , γ ; q〉∞ = 〈α; q〉∞ 〈β; q〉∞ · · · 〈γ ; q〉∞ .
There are several important theta function identities in mathematical literature. Perhaps the
simplest and the most significant one is Jacobi’s triple product identity [11] (see [9, Section 1.6]
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also):
(q; q)∞ 〈x; q〉∞ =
+∞∑
n=−∞
(−1)nq( n2 )xn .
Another one is the celebrated quintuple product identity (see [7,8] and [9, Exercise 5.6]), which
may be reproduced as follows:
[q, z, q/z; q]∞
[
qz2, q/z2; q2
]
∞ =
+∞∑
n=−∞
{1− z1+6n}q3( n2 )(q2/z3)n
=
+∞∑
n=−∞
{1− (q/z2)1+3n}q3( n2 )(qz3)n .
For A and b, c, d, e subject to A2 = bcde, there holds [6, Theorem 1.1]:
〈A/b, A/c, A/d, A/e; q〉∞ − 〈b, c, d, e; q〉∞ = b 〈A, A/bc, A/bd, A/be; q〉∞ . (1)
This theta function identity has been successfully applied in [6] to review several theta function
identities and the Ramanujan congruences on partition function. Following the same approach,
this paper will further investigate the theta function identities related to Winquist’s identity and
the Ramanujan congruence on partition function modulo 11.
The paper will be organized as follows. The first section will review the proof of Winquist’s
identity due to Kang [12]. Inspired by the double series expansion of (q; q)10∞ due to Chan [5,
Theorem 3.4], we shall, in the second section, establish another difference equation on quintuple
products and discuss in brief the connection of four double series expansion formulae, which all
imply the Ramanujan congruence on partition function modulo 11. Finally, Chan’s identity is
exemplified to show the Ramanujan congruence on partition function modulo 11.
1. Kang’s Proof of Winquist’s identity
In 1969, Winquist [15] found an interesting identity which plays an important role in proving
Ramanujan’s congruence modulo 11. Later, Carlitz and Subbarao [3] and Hirschhorn [10]
obtained its four-parameter generalizations. Recently, Kang [12] gave a new proof by simply
combining two pairs of quintuple product identities. In this section, we shall review Kang’s proof
through theta function identity (1) in place of the formula appeared in [1, Entry 29; P 45], which
is used in Kang’s original proof.
Theorem 1 (Winquist [15]). For the bivariate function f (x, y) defined by
f (x, y) = y(q3; q3)2∞
{〈
x3, qy3; q3
〉
∞ − y
〈
x3, q2y3; q3
〉
∞
}
= y
+∞∑
i=−∞
(−1)iq3
(
i
2
)
x3i
+∞∑
j=−∞
(−1) j
{
y3 j − y1−3 j
}
q
3
(
j
2
)
+ j
there holds the following identity on symmetric difference:
f (x, y)− f (y, x) = y(q; q)2∞ 〈x, y, xy, x/y; q〉∞ .
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Proof. Writing the symmetric difference
f (x, y)− f (y, x) (2a)
= (q3; q3)2∞
{
y
〈
x3, qy3; q3
〉
∞ − x
〈
y3, qx3; q3
〉
∞
}
(2b)
+ (q3; q3)2∞
{
x2
〈
y3, q2x3; q3
〉
∞ − y
2
〈
x3, q2y3; q3
〉
∞
}
(2c)
we shall reformulate the two differences (2b) and (2c) separately.
Performing the replacements on summation indices
i + j = m
i − j = n
}
⇐⇒
i = m + n
2
j = m − n
2
 m≡2 n,
where m≡2 n denotes that m and n have the same parity, we can restate the difference displayed
in (2b) as follows
(q3; q3)2∞
{
y
〈
x3, qy3; q3
〉
∞ − x
〈
y3, qx3; q3
〉
∞
}
(3a)
=
+∞∑
i, j=−∞
(−1)i+ jq3
(
i
2
)
+3
(
j
2
)
+i {
y1+3i x3 j − x1+3i y3 j
}
(3b)
= y
∑
m≡2 n
(−1)mq 34m2+ 34 n2−m+ n2
{
1− (x/y)1+3n
}
(xy)
3
2m(y/x)
3
2 n (3c)
where the double sum runs over −∞ < m, n < +∞.
When both m and n are even, the double sum (3c) can be evaluated as
y
+∞∑
m,n=−∞
{
1− (x/y)1+6n
}
q3m
2+3n2−2m+n(xy)3m(y/x)3n (4a)
= y(q6; q6)∞(q2; q2)∞
〈
x/y; q2
〉
∞
〈
q2x2/y2; q4
〉
∞
〈
−qx3y3; q6
〉
∞ . (4b)
Similarly, the double sum (3c) with both m and n being odd becomes
−xy3
+∞∑
m,n=−∞
{
1− (y/x)2+6n
}
q3m
2+3n2+m+2n(xy)3m(x/y)3n (5a)
= xy3(q6; q6)∞(q2; q2)∞
〈
qx/y; q2
〉
∞
〈
x2/y2; q4
〉
∞
〈
−q4x3y3; q6
〉
∞ . (5b)
Combining (4a) and (4b) with (5a) and (5b) together, we find that (2b) is equal to
(q3; q3)2∞
{
y
〈
x3, qy3; q3
〉
∞ − x
〈
y3, qx3; q3
〉
∞
}
(6a)
= (q6; q6)∞(q2; q2)∞ 〈x/y; q〉∞
 y
〈
−qx/y; q2
〉
∞
〈
−qx3y3; q6
〉
∞
+xy3
〈
−x/y; q2
〉
∞
〈
−q4x3y3; q6
〉
∞
 . (6b)
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On the other hand, we can rewrite the second difference in (2c) as follows
x2
〈
y3, q2x3; q3
〉
∞ − y
2
〈
x3, q2y3; q3
〉
∞
= x2
〈
y3, q/x3; q3
〉
∞ − y
2
〈
x3, q/y3; q3
〉
∞
= q
y
〈
q3/x3, q4/y3; q3
〉
∞ −
q
x
〈
q3/y3, q4/x3; q3
〉
∞ .
Specifying the parameters in (6a) and (6b) with x → q/x and y → q/y, we obtain the
following equivalent differences
(q3; q3)2∞
{
x2
〈
y3, q2x3; q3
〉
∞ − y
2
〈
x3, q2y3; q3
〉
∞
}
(7a)
= (q6; q6)∞(q2; q2)∞ 〈y/x; q〉∞

q
y
〈
−qy/x; q2
〉
∞
〈
−q7/x3y3; q6
〉
∞
+ q
4
xy3
〈
−y/x; q2
〉
∞
〈
−q10/x3y3; q6
〉
∞
 (7b)
= (q6; q6)∞(q2; q2)∞ 〈x/y; q〉∞
−x
2y3
〈
−qx/y; q2
〉
∞
〈
−q5x3y3; q6
〉
∞
−y2
〈
−x/y; q2
〉
∞
〈
−q2x3y3; q6
〉
∞
 . (7c)
Combining the last identity with (6a) and (6b), we find the following symmetric difference
expression
f (x, y)− f (x, y) = (q6; q6)∞(q2; q2)∞ 〈x/y; q〉∞
×
 y
〈
−qx/y; q2
〉
∞
(〈
−qx3y3; q6
〉
∞ − x
2y2
〈
−q5x3y3; q6
〉
∞
)
−y2
〈
−x/y; q2
〉
∞
(〈
−q2x3y3; q6
〉
∞ − xy
〈
−q4x3y3; q6
〉
∞
)
 .
Recalling Jacobi’s triple product identity and the quintuple product identity, we can factorize the
last two terms in parenthesis (· · ·) multiplied by (q6; q6)∞ respectively into
+∞∑
k=−∞
q
6
(
k
2
)
+5k {
1− (xy)2+6k
}
(xy)−3k =
[
q2, qxy, q/xy; q2
]
∞
[
q4/x2y2, x2y2; q4
]
∞
= (q2; q2)∞ 〈xy; q〉∞
〈
−xy; q2
〉
∞
and
+∞∑
k=−∞
q
6
(
k
2
)
+2k {
1− q2kxy
}
(xy)3k =
[
q2, xy, q2/xy; q2
]
∞
[
q2x2y2, q2/x2y2; q4
]
∞
= (q2; q2)∞〈xy; q〉∞
〈
−qxy; q2
〉
∞ .
We therefore have the following simplified expression
f (x, y)− f (y, x) = y(q2; q2)2∞ 〈xy, x/y; q〉∞
×
{〈
−qx/y,−xy; q2
〉
∞ − y
〈
−qxy,−x/y; q2
〉
∞
}
.
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Specifying the parameters in (1) with
b → y
c → x
d → q 12
e → −q 12
 A →
√−qxy
we obtain the identity〈
−qx/y,−xy; q2
〉
∞ − (q; q
2)2∞ 〈x, y; q〉∞ = y
〈
−qxy,−x/y; q2
〉
∞ .
Therefore we finally reach the equation
f (x, y)− f (y, x) = y(q; q)2∞ 〈x, y, xy, x/y; q〉∞ ,
which proves Winquist’s identity stated in Theorem 1. 
2. Difference equations on quintuple products
Recently, Chan [5, Theorem 3.4] discovered a new double series representation formula of
(q; q)10∞. It inspires us to construct a new difference equation on quintuple products.
Theorem 2 (Difference Equation on Quintuple Products). For the bivariate function g(x, y)
defined by
g(x, y) = y
[
q2, qx2, q/x2; q2
]
∞
[
x4,q4/x4; q4
]
∞
[
q
1
2 , q
1
4 y, q
1
4/y; q1/2
]
∞[
y2, q/y2; q
]
∞
there holds the following identity on symmetric difference:
g(x, y)− g(y, x) = y(q; q)2∞
〈
x2, y2, xy, x/y; q
〉
∞ .
Proof. Rewrite g(x, y) by separating the symmetric part from the quintuple products
g(x, y) = (q2; q2)∞(q 12 ; q 12 )∞
〈
x2, y2; q
〉
∞ × y
〈
xi,−xi, q 14 y, q 34 y; q
〉
∞
where the following equations have been utilized[
x4, q4/x4; q4
]
∞ =
〈
x4; q4
〉
∞ =
〈
x2; q2
〉
∞ 〈xi,−xi; q〉∞ ,[
q
1
4 y, q
1
4 /y; q 12
]
∞ =
〈
q
1
4 y; q 12
〉
∞ =
〈
q
1
4 y, q
3
4 y; q
〉
∞ .
Extracting the common factors, we express the difference of quintuple products as
g(x, y)− g(y, x) = y(q2; q2)∞(q 12 ; q 12 )∞
〈
x2, y2; q
〉
∞ (8a)
×
{〈
xi,−xi, q 14 y, q 34 y; q
〉
∞ −
x
y
〈
yi,−yi, q 14 x, q 34 x; q
〉
∞
}
. (8b)
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Specifying the parameters in (1) with
b → x/y
c → xy
d → q 14 i
e → −q 14 i
 A → q
1
4 x
we obtain the following identity
x
y
〈
yi,−yi, q 14 x, q 34 x; q
〉
∞ =
〈
xi,−xi, q 14 y, q 34 y; q
〉
∞ −
〈
x/y, xy, q
1
4 i,−q 14 i; q
〉
∞
which enables us to factorize the difference (8b) into the following product〈
x/y, xy, q
1
4 i,−q 14 i; q
〉
∞ = 〈xy, x/y; q〉∞
〈
−q 12 ; q2
〉
∞ .
Applying the equation on factorial products〈
−q 12 ; q2
〉
∞ = (−q
1
2 ; q)∞ = (q; q
2)∞
(q
1
2 ; q)∞
= (q; q)∞(q; q
2)∞
(q
1
2 ; q 12 )∞
we confirm the identity stated in Theorem 2. 
By writing the triple sums concerning variable y in terms of trisection series, Chan, Liu and
Ng [4] have shown that Winquist’s identity displayed in Theorem 1 is equivalent to the following
difference equation on triple products.
Theorem 3 (Chu [6, Theorem 3.1] and Liu [13, Theorem 7]). For the bivariate function F(x, y)
defined by
F(x, y) = y[q3, x3, q3/x3; q3]∞[q 13 , y, q 13 /y; q 13 ]∞
there holds the following identity on symmetric difference:
F(x, y)− F(y, x) = y(q; q)2∞ 〈x, y, x/y, q/xy; q〉∞ .
Similarly, we can prove that Theorem 2 is equivalent to the following difference equation on
quintuple products.
Theorem 4 (Chu [6, Theorem 4.1]). For the bivariate function G(x, y) defined by
G(x, y) = y
[
q2, qx2, q/x2; q2
]
∞
[
x4, q4/x4; q4
]
∞
[
q2, y2, q2/y2; q2
]
∞[
q2y4, q2/y4; q4
]
∞
there holds the following identity on symmetric difference:
G(x, y)− G(y, x) = y(q; q)2∞
〈
x2, y2, xy, x/y; q
〉
∞ .
In view of the quintuple product identity, g(x, y) can be expressed as
g(x, y) =
+∞∑
i=−∞
q i(3i+2)(x4+6i − x−6i )
+∞∑
j=−∞
q
j (3 j+2)
4 (y3+3 j − y1−3 j ).
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Splitting the last sum into two parts according to the parity of summation index
+∞∑
j=−∞
q
j (3 j+2)
4 (y3+3 j − y1−3 j ) =
+∞∑
j=−∞
q j (3 j+1)(y3+6 j − y1−6 j )
+
+∞∑
j=−∞
q3 j
2+4 j+ 54 (y6+6 j − y−2−6 j )
we may reformulate g(x, y) as follows:
g(x, y) = T (x, y)+
+∞∑
i=−∞
q i(3i+2)(x4+6i − x−6i )
+∞∑
j=−∞
q j (3 j+1)(y3+6 j − y1−6 j )
where T (x, y) is given by
T (x, y) =
+∞∑
i=−∞
q i(3i+2)(x4+6i − x−6i )
+∞∑
j=−∞
q3 j
2+4 j+ 54 (y6+6 j − y−2−6 j ).
Changing the summation index by j →− j − 1 in T (x, y), we find
T (x, y) = −q 14
+∞∑
i=−∞
q i(3i+2)(x4+6i − x−6i )
+∞∑
j=−∞
q j (3 j+2)(y4+6 j − y−6 j )
which means that T (x, y) is a symmetric function: T (x, y) = T (y, x). Then we have
g(x, y)− g(y, x) =
+∞∑
i=−∞
q i(3i+2)(x4+6i − x−6i )
+∞∑
j=−∞
q j (3 j+1)(y3+6 j − y1−6 j )
−
+∞∑
i=−∞
q i(3i+2)(y4+6i − y−6i )
+∞∑
j=−∞
q j (3 j+1)(x3+6 j − x1−6 j ).
Recalling Theorem 2 and the quintuple product identity, we conclude that
y(q; q)2∞
〈
x2, y2, xy, x/y; q
〉
∞ = g(x, y)− g(y, x) = G(x, y)− G(y, x)
which is exactly the identity displayed in Theorem 4.
For the rest of this section, we provide another independent proof of Theorem 4.
For the bivariate function h(x, y) defined by the infinite products
h(x, y) = y(q; q)2∞
〈
x2, y2, xy, x/y; q
〉
∞ ,
it is easy to see that h(x, y) is analytic within 0 < |x | <∞. Then we can expand it as a Laurent
series in x :
h(x, y) =
+∞∑
k=−∞
γk(y)x
k .
From the definition of h(x, y), it is trivial to check the following functional equations
h(x, y) = qx6h(qx, y) and h(x, y) = −x4h(1/x, y)
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which correspond to two relations, respectively
γk(y) = qk−5γk−6(y) and γk(y) = −γ4−k(y).
Iterating the first relation k-times, we find that there exist six functions γ`(y) such that
γ6k+`(y) = q6
(
k
2
)
+(`+1)k
γ`(y) where 0 ≤ ` ≤ 5. (9)
Combining the second relation with the last one, we further derive the following relations
γ0(y) = −γ4(y), γ1(y) = −γ3(y), γ2(y) = γ5(y) = 0.
Then h(x, y) can be reformulated as follows:
h(x, y) = γ0(y)
+∞∑
k=−∞
q
6
(
k
2
) {
qkx6k−q5kx6k+4
}
+ γ1(y)
+∞∑
k=−∞
q
6
(
k
2
) {
q2kx6k+1−q4kx6k+3
}
= γ0(y)
+∞∑
k=−∞
q
6
(
k
2
)
+5k {
1− x4+12k
}
x−6k
+ xγ1(y)
+∞∑
k=−∞
q
6
(
k
2
)
+4k {
1− x2+12k
}
x−6k .
In order to determine γ0(y) and γ1(y), we rewrite, by means of the quintuple product identity,
the last expression as
h(x, y) = γ0(y)
[
q2, qx2, q/x2; q2
]
∞
[
x4, q4/x4; q4
]
∞ (10a)
+ xγ1(y)
[
q2, x2, q2/x2; q2
]
∞
[
q2x4, q2/x4; q4
]
∞ . (10b)
Taking x = q 14 in the last equation yields
γ0(y)+ q 14 γ1(y) = y
〈
y2; q
〉
∞
[
q
1
2 , q
1
4 y, q
1
4 /y; q 12
]
∞ = y
〈
y2; q
〉
∞
+∞∑
k=−∞
q
k2
4 (−y)k
= y
〈
y2; q
〉
∞
{ +∞∑
k=−∞
qk
2
y2k − q 14
+∞∑
k=−∞
qk
2−k y2k−1
}
.
Therefore, γ0(y) and γ1(y) can be determined, by means of Jacobi’s triple product identity,
respectively, as follows:
γ0(y) = y
〈
y2; q
〉
∞
+∞∑
k=−∞
qk
2
y2k = y(q2; q2)∞
〈
y2; q2
〉
∞
〈
q2y4; q4
〉
∞ ,
γ1(y) = −
〈
y2; q
〉
∞
+∞∑
k=−∞
qk
2−k y2k = −(q2; q2)∞
〈
qy2; q2
〉
∞
〈
y4; q4
〉
∞ .
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Substituting the last two equations into (10a) and (10b), we derive the identity h(x, y) =
G(x, y)− G(y, x) displayed in Theorem 4. 
3. Proof of Ramanujan’s congruence modulo 11
Similarly to the technique employed by Chu [6], we prove first, by means of Theorem 2,
Chan’s recent double series expansion formula for (q; q)10∞.
In Theorem 2, dividing g(x, y) by x2y2 and applying the quintuple product identity, we may
restate g(x, y) in terms of the double series
g(x, y)
x2y2
=
+∞∑
i=−∞
(x2+6i − x−2−6i )q i(3i+2)
+∞∑
j=−∞
(y1+3 j − y−1−3 j )q j (3 j+2)4 .
Then the symmetric difference equation can be reformulated accordingly as follows:
g(x, y)− g(y, x)
x2y2
= (q; q)
2∞
x2y
〈
x2, y2, xy, x/y; q
〉
∞
=
{ +∞∑
i=−∞
(x2+6i − x−2−6i )q i(3i+2)
}{ +∞∑
j=−∞
(y1+3 j − y−1−3 j )q j (3 j+2)4
}
−
{ +∞∑
i=−∞
(y2+6i − y−2−6i )q i(3i+2)
}{ +∞∑
j=−∞
(x1+3 j − x−1−3 j )q j (3 j+2)4
}
.
Applying first y∂
∂y and then three times
x∂
∂x at x = y = 1 across the last equation, we recover the
following identity.
Corollary 5 (Chan [5, Theorem 3.4]).
3(q; q)10∞ = 4
{ +∞∑
m=−∞
(1+ 3m)3qm(3m+2)
}
×
{ +∞∑
n=−∞
(1+ 3n)q n(3n+2)4
}
−
{ +∞∑
m=−∞
(1+ 3m)qm(3m+2)
}
×
{ +∞∑
n=−∞
(1+ 3n)3q n(3n+2)4
}
.
In order to facilitate the demonstration of the Ramanujan congruence modulo 11, we reproduce
the following general result about the partition function.
Lemma 6 (Chu [6, Lemma 5.1]). Let β be a prime and γ an integer. Define the ℘(m)-sequence
by
℘(m) = [qm] {qβ−γ (q; q)β−1∞ }
where [qm]φ(q) stands for the coefficient of qm in the formal power series φ(q). If all the
coefficients ℘(βm) for m ∈ N are multiples of β, then there holds the corresponding Ramanujan
congruence, i.e. p(βn + γ ) are divisible by β for all n ∈ N, where p(n) denotes the number of
unrestricted partitions of n.
Now we are ready to prove the congruence relation modulo 11 on partition function.
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Theorem 7 (Ramanujan [14]). For any non-negative integer n, there holds the congruence
relation
p(11n + 6) ≡ 0 (mod 11).
Proof. In view of the linear factorization
4(1+ 3m)3(1+ 3n)− (1+ 3m)(1+ 3n)3
= 3(1+ 3m)(1+ 3n)(1+ 2m + n)(1+ 6m − 3n)
we can rewrite the identity stated in Corollary 5 in the form
q5(q; q)10∞ =
∑
m,n
(1+ 3m)(1+ 3n)(1+ 2m + n)
× (1+ 6m − 3n)q5+m(3m+2)+n(3n+2)/4. (11)
Let K be a multiple of 11. The exponent of qK in this double series expansion can be
expressed as
0 ≡ 12K ≡ (2+ 6m)2 + (1+ 3n)2 (mod 11).
By examining the quadratic residues modulo 11, we see this can happen only when
2+ 6m ≡ 1+ 3n ≡ 0 (mod 11).
With the help of linear combinations
3(1+ 2m + n) = (2+ 6m)+ (1+ 3n)
1+ 6m − 3n = (2+ 6m)− (1+ 3n)
we find that the coefficient of qK in (11) is divisible by 114, which is even stronger than what we
really need.
Specifying β = 11 and γ = 6 in Lemma 6, we confirm the Ramanujan congruence relation
stated in Theorem 7. 
There are three other known double series expressions similar to Corollary 5 for (q; q)10∞,
which can be derived from Theorems 1, 3 and 4. They are reproduced here for the reader’s
reference.
Corollary 8 (Winquist [15]: cf. Chu [6, Corollary 4.4] also).
16(q; q)10∞ = 9
{ +∞∑
m=−∞
(−1)m(1+ 2m)3q3
(
m+1
2
)}
×
{ +∞∑
n=−∞
(−1)n(1+ 6n)q3( n2 )+2n
}
−
{ +∞∑
m=−∞
(−1)m(1+ 2m)q3
(
m+1
2
)}
×
{ +∞∑
n=−∞
(−1)n(1+ 6n)3q3( n2 )+2n
}
.
Corollary 9 (Berndt et al. [2, Theorem 2.2]).
32(q; q)10∞ = 9
{ +∞∑
m=−∞
(−1)m(1+ 2m)3q3
(
m+1
2
)}
×
{ +∞∑
n=−∞
(−1)n(1+ 2n)q 13
(
n+1
2
)}
−
{ +∞∑
m=−∞
(−1)m(1+ 2m)q3
(
m+1
2
)}
×
{ +∞∑
n=−∞
(−1)n(1+ 2n)3q 13
(
n+1
2
)}
.
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Corollary 10 (Chu [6, Corollary 4.2]).
3(q; q)10∞ = 4
{ +∞∑
m=−∞
(1+ 3m)3q3m2+2m
}
×
{ +∞∑
n=−∞
(1+ 6n)q3n2+n
}
−
{ +∞∑
m=−∞
(1+ 3m)q3m2+2m
}
×
{ +∞∑
n=−∞
(1+ 6n)3q3n2+n
}
.
All three of these expansions can be used to confirm analogously the congruence relation
displayed in Theorem 7. The details can be found in papers [2,6,15].
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